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Abstract Relative permeability measurements are commonly fitted with the Corey and Brooks-Corey
correlations. Despite such correlations fit experimental data generally well, they are mostly of an empirical
nature. Here, we propose a semiempirical model to determine relative permeabilities of the wetting and
the nonwetting phases in real 3-D porous media that accounts for pore-scale flow regimes. The starting
point is the homogenization framework proposed by Picchi and Battiato (2018, https://doi.org/10.1029/
2018WR023172), where the upscaling is conducted for different spatial distributions of the flowing phases
in the capillary tube setting. First, we extend the approach to realistic media by allowing pore-scale flow
regimes to coexist in a complex geometry while accounting for capillary and viscous limits in the dynamics.
Then, we discuss the scaling behavior of normalized relative permeabilities in terms of the phases viscosity
ratio and identify three classes which govern their scaling. We also derive an analytical expression for the
fractional flow. Finally, we provide a detailed validation of the proposed model for both relative
permeabilities and fractional flow against data from numerical simulations and experiments available in
the literature. The data set used for validation covers a wide range of systems, ranging from brine-CO2 to
oil-water flows. The equations derived capture well the trend of both numerical and experimental data.

1. Introduction
The development of predictive tools to model multiphase flow through porous media is critical to many
industrial applications, such as petroleum engineering (Lake, 1989), carbon sequestration (Yang et al., 2008),
water resources, and modern energy storage technologies (Arunachalam et al., 2015). Although physical
phenomena at the fine scale (i.e., the pore scale) may strongly affect phenomena on a vastly different scale
(i.e., the continuum scale), macroscale (upscaled) models are routinely used to obtain predictions at the
continuum scale in many practical applications, while pore-scale physics is taken into account only though
averaged parameters.

The most common approach employed to model multiphase flows at the continuum scale is the two-phase
Darcy's law, where the concept of relative permeabilities is introduced through empirical arguments (Bear,
1972; Leverett, 1941). Its structural resemblance with single-phase Darcy and its simplicity led to its
widespread use, despite the abundant evidence from both experimental and theoretical analyses of its, often
strong, limitations. Multiphase Darcy's law has been rigorously formulated by upscaling the Stoke's equation
at the pore scale (e.g., Auriault, 1987; Daly & Roose, 2015; Hassanizadeh & Gray, 1980; Hornung, 1997;
Lasseux et al., 2008; Kjelstrup et al., 2018; Whitaker, 1986), and since the microscopic details of the flow
are usually neglected, its classical interpretation has been recently questioned. In fact, although the inher-
ent instability of multiphase flows (Ling et al., 2017) may render the analysis of pore-scale distribution of
the flowing phases challenging, recurring features in the topology of the nonwetting and wetting phase at
the pore scale have been revealed by X-ray microtomography and high-performance computing (Armstrong
et al., 2014, 2012, 2016; Blunt et al., 2013; Berg et al., 2013; Cueto-Felgueroso & Juanes, 2012; Gao et al., 2017;
Garing et al., 2017; Li et al., 2005, 2018b; Lin et al., 2018; Prodanovic et al., 2006, 2007; Reynolds et al., 2017;
Tallakstad et al., 2009; Tahmasebi et al., 2017; Zarikos et al., 2018). Experiments and simulations show that
the nonwetting phase can become disconnected flowing in the form of individual ganglia or even remaining
immobilized (trapped) in the porous matrix.

Specifically, Avraam and Payatakes (1995) classify the topology of the flowing phases at steady state into four
possible pore-scale flow regimes: large ganglion dynamics, small ganglion dynamics, drop-traffic flow, and
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connected pathway (CP) flow. Each flow regime differs from the others for the phase topology and phase
connectivity: in the CP regime both phases flow through separate and uninterrupted pathways, while in large
and small ganglion dynamics the nonwetting phase is disconnected and flows in the form of ganglia, much
bigger (large ganglion) or smaller (small ganglion) than the average pore size. Furthermore, CP and ganglion
dynamics flow regimes coexist in a wide range of conditions (Avraam & Payatakes, 1995; Armstrong et al.,
2016; Gao et al., 2017): embedding such underlying physics becomes critical in developing more predictive
macroscale models. For example, the nonuniqueness of closure relationships (e.g., the hysteric behavior of
the relative permeability curves) has been associated with the transition from one regime to another (see
Datta et al., 2014; Rucker et al., 2015; Schluter et al., 2016) and it is recognized as one of the main deficiencies
of classical upscaled models.

Several approaches have been developed to incorporate the evolution of the fluid-fluid interface into macro-
scopic equations (e.g., Cueto-Felgueroso & Juanes, 2014; Gray & Miller, 2010; Gray et al., 2015; Hassanizadeh
& Gray, 1990, 1993; Hilfer, 1998; Jackson et al., 2009; McClure et al., 2016; Niessner & Hassanizadeh, 2008;
Rybak et al., 2015), but additional complexity in the formulation of the closure problem and in the defini-
tion of state variables has been inevitably introduced. Only recently, Karadimitriou et al. (2014) proposed
a method to estimate such state variables from experimental measurements, while Schluter et al. (2016)
and McClure et al. (2018) provided alternative approaches to identify the missing variables in terms of inte-
gral geometry (i.e., Euler characteristics). Over the years, more practical and ad hoc formulations of the
relative permeabilities have been proposed (Chierici, 1984; Clavier et al., 2017; Dehghanpour et al., 2011;
Gunstensen & Rothman, 1993; Li et al., 2018; Oliveira & Demond, 2003; Pasquier et al., 2017; Yiotis et al.,
2007; Zhang et al., 2018), including the study of the impact of spatial heterogeneity on relative permeabili-
ties (Jackson et al., 2018). To the best of our knowledge, a general formulation that accounts for the phase
topology at the pore-scale of a 3-D porous medium has not been proposed yet.

More recently, Picchi and Battiato (2018) have proposed a new homogenization framework that allows one
to derive upscaled equations that are regime specific: the main advantage of such an approach lies in incor-
porating the interactions between the flowing phases and the solid while retaining the simplicity of the
final upscaled formulation. Specifically, the complexity of the problem is reduced by proposing an analogy
between the flow regimes in real porous media and in a capillary tube, where the effective parameters of the
macroscopic equations are determined by postulating the pore-scale flow regimes. As a result, although the
geometry of the flowing phases has been simplified, the pore-scale physics of the interaction between dif-
ferent phases is retained and relative permeabilities of both the wetting and nonwetting phases have been
analytically derived for CP, and small and large ganglion dynamics flow regimes. Although this approach is
successful in quantifying the impact of flow regimes on relative permeabilities, it is limited to highly ideal-
ized configurations and its extension to complex porous media for relative permeability predictions dubious.
Importantly, the question of whether or not any type of correction needs to be introduced in the context of
a realistic porous media remains still open.

In this paper, we first propose a generalization of the homogenization approach proposed by Picchi and
Battiato (2018) to realistic porous media, and, then, we validate our results against numerical and experimen-
tal data of two-phase flow available in the literature. Specifically, we propose a semiempirical formulation
of the relative permeabilities that links the flow features in an idealized geometry (i.e., the capillary tube
setting) to flow in a complex medium. The paper is organized as follows. In section 2 we obtain a general-
ized formulation for the relative permeability and the fractional flow by classifying real systems into three
classes depending on the viscosity ratio. We discuss in details how pore-scale physics has been incorporated
into the relative permeabilities, which depend only on the mobile phase saturation, the viscosity ratio, and
the capillary number. In section 3, we first validate the model with data of pore-scale numerical simulations
and, then, we test many experimental data available in the literature: the data cover a range in the capillary
number and viscosity ratio of 7 and 2 orders of magnitude, respectively. The model provides the scaling of
a normalized relative permeability of the wetting and nonwetting phases for all three classes. The analyti-
cal expressions of the fractional flow are also validated against experimental data in section 3.3. We provide
summarizing comments in section 4.
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2. Theoretical Considerations
In this section we propose a semiempirical generalization of the relative permeabilities developed in Picchi
and Battiato (2018) to account for pore-scale flow regimes in complex porous media. For completeness and
clarity, we first briefly review some of the results derived by Picchi and Battiato (2018, section 2.1) and, then,
we present its generalization to model complex porous media (sections 2.2 and 2.3).

2.1. Relative Permeability Based on Pore-Scale Flow Regimes in a Capillary Tube
In this section we only briefly outline the results by Picchi and Battiato (2018) specifically used in this study.
We refer to the original manuscript for further details. The fundamental premise of the framework proposed
in Picchi and Battiato (2018) is that accurate estimates of relative permeabilities should explicitly account
for the pore-scale topology of the flowing phases, i.e., for dynamic flow regimes, which control pore-scale
connectivity. The upscaled equations developed allow one to account for CP, and large and small ganglion
dynamics, where the closure relationships employed are regime specific and the macroscale equations are
applicable to both viscous and inertial flow of two immiscible fluids in a porous medium. To make further
analytical progress, the former regimes are associated to different flow patterns in capillary tubes, where
flow in a bundle of capillaries, core-annular flow (CAF), and plug flow in a capillary are used as a dynam-
ical analogs of the CP, large and small ganglion dynamics, respectively. We emphasize that this analogy is
based on the hypothesis that the most relevant features of the momentum transfer between phases could be cap-
tured at the leading order by their interactions in simplified settings (i.e., a capillary). It is worth emphasizing
that, while the analytical closures have been derived from well-known solutions of flow in capillaries, more
sophisticated closures could be employed, if desired. The general model reduces to Darcy's law when (i) the
contribution of inertia is negligible, i.e., at low Reynolds numbers; (ii) the driving force is the same for both
phases; (iii) Eotvos number is small at the pore scale: this condition is often satisfied in real rocks where
the characteristic length scale of the pores is sufficiently small to consider microgravity conditions. Since
most of the data available in the literature and used in this study are collected at low Reynolds and Eotvos
numbers, here we report results in the Darcy's limit only (see Picchi & Battiato, 2018, for a complete set of
equations), i.e.,

⟨
uw

⟩
= −

kw

32
∇pw, (1a)

⟨
unw

⟩
= −

knw

32M
∇pnw, (1b)

where ⟨uw⟩, ⟨unw⟩, kw , knw, pw, and pnw are the average velocity, the relative permeabilities, and the
macroscopic pressures of the wetting and the nonwetting phases, respectively, and ⟨·⟩ is the average over a
representative volume, while · is the temporal average over a representative time interval. The viscosity ratio
M is defined as

M =
𝜇nw

𝜇w
, (2)

where 𝜇w and 𝜇nw are the dynamic viscosities of the wetting phase and the nonwetting phase, respectively.
The dependence on pore-scale flow regimes is embedded in the relative permeabilities since they are directly
affected by the spatial distribution and connectivity of the flowing phases. For the capillary tube analogy,
they can be analytically expressed through one-dimensional closures relationships (Picchi et al., 2017, 2018;
Ullmann & Brauner, 2004) for the quasi-static CP and the CAF regimes (Picchi & Battiato, 2018). Specifically,
the CP regime can be conceptualized as a bundle of capillary tubes, see Figure 1a (right), and leads to the
following relative permeability-saturation relationship

kw,CP = S2
w, knw, CP = (1 − Sw)2. (3)

For the CAF regime, see Figure 1c (right), one obtains

kw,CAF = S2
w, knw, CAF = (1 − Sw)2

(
1 +

2MSw

1 − Sw

)
. (4)

Equation (4), similar to those available in the literature (Dehghanpour et al., 2011), can be recovered as a
particular case of more general relationships valid in the inertial regime and not discussed here—for more
details see, for example, equation (26) in Picchi and Battiato (2018).
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Figure 1. Sketch of flow regimes in a realistic geometry and their idealization in the framework of the capillary tube
analogy. The wetting phase (light blue) and the nonwetting phase (dark orange) are referred in the text with the
subscripts w and nw, respectively.

2.2. Generalization of Relative Permeabilities to Realistic Porous Media
In this section, we propose a generalization of the previous results to 3-D media with complex structures
that accounts for residual fluid saturations, endpoint relative permeability different from unity, and the
coexistence of flow regimes in the pore-domain.

The guiding principle of the analysis is the emerging evidence that the topological characteristics of the flow
at the pore-scale change with the capillary number, defined as the ratio between viscous and capillary forces,

Ca =
𝜇wU
𝜎

, (5)

where U is a velocity scale and 𝜎 is surface tension. The analysis of Armstrong et al. (2016) suggests that,
at low capillary number, the flow is quasi-static (i.e., the fluid-fluid interface behaves like a rigid partition),
while, at increasing capillary numbers, the volume fraction associated with connected ganglia, as well as
the phases connectivity, increases due to coalescence of individual ganglia. Quoting from Armstrong et al.
(2016),

“when Ca is increased (at constant Sw) the non-wetting phase clusters become longer and larger, forming
tubes that enhance connectivity. The fluid arrangements observed at high Ca would be impossible at
lower flow rates, where capillary forces dominate and drive the non-wetting phase to larger pores where
the surface energy is minimized, i.e., non-wetting-phase becomes more spherical.”

Additionally, it has been observed, both in experiments and pore-scale numerical simulations (Armstrong
et al., 2016; Avraam & Payatakes, 1995; Gao et al., 2017), that the transition away from the quasi-static regime
takes place gradually and multiple flow regimes (i.e., CP and ganglion dynamics) coexist in a wide range of
conditions.

In the proposed framework, we relate topological changes (i.e., phase connectivity) to the magnitude of the
capillary number. Specifically,

PICCHI AND BATTIATO 4



Water Resources Research 10.1029/2018WR024251

• at low Ca (capillary limit), the flow is dominated by capillary forces and both phases flow through separate
and uninterrupted pathways. Although regions of disconnected nonwetting phase may exist, the flowing
phases advance mainly through preferential paths within which each phase is connected and wets the
solid walls. We refer to this case as quasi-static CP flow regime; see Figure 1a.

• At intermediate Ca, a progressive mobilization of the nonwetting phase occurs through the onset of small
and large ganglia; see Figure 1b. Coalescence and snap-off events, typical of ganglia flow, take place until
the transition to the viscous regime is completed.

• At high Ca (viscous limit), viscous forces stabilize topological characteristics (Armstrong et al., 2016) by
increasing the phases connectivity, namely, coalescence phenomena lead to the formation of very long
ganglia. These long ganglia or “tubes of nonwetting phase” (quoting from Armstrong et al., 2016) are sur-
rounded by a lubricating thin layer of the wetting phase, which covers the pore walls (Avraam & Payatakes,
1995). We refer to this regime as viscous connected pathway (VCP) flow, and we model it in analogy with
the CAF regime; see Figure 1c. Although an idealization, CAF can quite realistically capture interactions
between phases since the pore space is occupied by elongated ganglia and the key role of the wetting film is
not neglected. As shown by Picchi et al. (2018), the CAF analogy is able to capture the physics of elongated
bubbles.

Furthermore, in order to parametrize the transition from the capillary to the viscous limit at the Darcy scale,
we introduce 𝛼 ∈ (0, 1), here referred to as the flow regime parameter. The flow regime parameter, which
accounts for the spatial heterogeneity of the flow regimes, represents the volumetric fraction of the medium
occupied by VCP flow and can be written as

𝛼 = 𝑓 (Ca, properties of the medium). (6)

We hypothesize that the transition from the capillary to the viscous limits varies linearly with the percentage
of the whole core occupied by each flow regime, i.e. the relative permeability at a given intermediate capillary
number is determined as a linear combination of the relative permeabilities in the quasi-static CP and the
CAF regimes, with 1 − 𝛼 and 𝛼 as the weighing functions, that is,

kw
(

Sw,Ca
)
= (1 − 𝛼) kw,CP + 𝛼kw,CAF, (7a)

knw
(

Sw,M,Ca
)
= (1 − 𝛼)knw,CP + 𝛼knw,CAF, (7b)

where ki,CP and ki,CAF, i = {w,nw} are defined in equations (3) and ( 4). The validity of such a hypothesis
will be tested in the following through direct comparison with data. The coexistence of ganglia and CP flow
is controlled by the magnitude of the flow regime parameter (0 ≤ 𝛼 ≤ 1): when 𝛼 is low, most of the fluid
domain is occupied by CP flow with a small amount of disconnected ganglia, while for 𝛼 close to 1, the pore
space is mostly occupied by long and connected ganglia, i.e., relative permeabilities in equation (7) converge
to kCP and kCAF for 𝛼 = 0 and 𝛼 = 1, respectively.

The idealization of flow regimes in a capillary tube, however, cannot account for trapping mechanisms dur-
ing drainage or imbibition, i.e., for endpoint relative permeabilities different from one and/or irreducible and
residual saturations. Therefore, we introduce a normalized relative permeability, k∗

w, and mobile saturation
of the wetting phase, S∗, defined as

k∗
w =

kw

𝛽w
, k∗

nw =
knw

𝛽nw
, (8)

and

S∗ =
Sw − Sir

1 − Sir − Sor
, (9)

where 𝛽w, 𝛽nw, Sir , and Sor are the endpoint relative permeability of the wetting and nonwetting phases,
the irreducible saturation of the wetting phase and the residual saturation of the nonwetting phase, respec-
tively. Combining equations (7), (8) and (9), we obtain the following expressions for the normalized relative
permeabilities,

k∗
w = S2

∗, (10a)
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k∗
nw =

(
1 − S∗

)2
(

1 +
2S∗

1 − S∗
M𝛼

)
. (10b)

The proposed normalization (8) suggests that the scaling of the relative permeability in equation (10) is valid
in the interval of saturations where the phases are mobile. Inspection of equation (10) leads to the following
observations. The relative permeability of the wetting phase scales with the square of the mobile saturation,
while k∗

nw depends on the mobile saturation, the viscosity ratio, and the flow regime parameter. It is worth
emphasizing that the only fitting parameters are the endpoint relative permeabilities, 𝛽w and 𝛽nw, and the
flow regime parameter 𝛼. Differently from other widely used correlations such as the Corey (Corey, 1954)
and the Brooks-Corey (Brooks & Corey, 1964) relationships, the exponents of equation (10) are not fitting
parameters but have been obtained as a result of homogenization theory based on flow regimes (Picchi &
Battiato, 2018), and the postulation provided in equation (7).

In equation (10), the term 2𝛼MS∗∕(1 − S∗) represents a correction to the relative permeability that accounts
for deviations from the CP flow scaling behavior. Such correction term vanishes in two regimes character-
ized by different underlying physical mechanisms, i.e., when M ≪ 1 and/or 𝛼 = 0. While the low Ca
number case (i.e., 𝛼 → 0) corresponds to the “classical” CP configuration in Figure 1a, the M ≪ 1 limit
(e.g., gas-liquid systems) corresponds to any fluid configuration, dynamically equivalent to the CP, where
the nonwetting phase sees the fluid-fluid interface as a solid wall and the relative permeability is just pro-
portional to the square of the fluid saturation. Therefore, 𝛼M, i.e., the interplay between the viscosity ratio
M and the capillary number Ca through the flow regime parameter 𝛼, can be used as a criterion to classify
different dynamical behaviors. This leads to the definition of the following three classes:

• Class I: for M ≪ 1, namely, 𝜇nw ≪ 𝜇w, the capillary and viscous limits converge and both relative per-
meabilities scale with the square of saturation. The effect of the flow regime parameter (and the capillary
number) is negligible, i.e.,

k∗
w ∼ S2

∗, k∗
nw ∼

(
1 − S∗

)2
. (11)

• Class II: for viscosity ratios of order 1, (M) = (1), in the capillary regime (quasi-static CP regime at very
low Ca and 𝛼 = 0), both relative permeabilities scale with the square of saturation, i.e.,

k∗
w ∼ S2

∗, k∗
nw ∼

(
1 − S∗

)2
. (12)

• Class III: for viscosity ratios of order 1, (M) = (1), at intermediate and high Ca the effect of pore-scale
flow regimes is always relevant and the relative permeabilities are defined by equation (10).

In the following section, we will derive an analytical expression for the fractional flow using the model for
relative permeabilities presented above.

2.3. Regime-Specific Fractional Flow Equations
The macroscale equations presented in Picchi and Battiato (2018) include a conservation law for the
saturation that, in the Darcy's limit, can be cast in terms of fractional flow, i.e.,

𝜕Sw

𝜕t
+ ⟨u⟩ · ∇𝑓w = 0, (13)

where ⟨u⟩ =
⟨

uw
⟩
+
⟨

unw
⟩

is the total Darcy velocity and fw is the fractional flow of the wetting phase
defined as

𝑓w =
qw

qw + qnw
= 1

1 + qnw
qw

, (14)

with qw = A
⟨

uw
⟩

and qnw = A
⟨

unw
⟩

the volumetric flow rates of the wetting and nonwetting phases,
respectively, and A the cross-sectional area. Under the hypothesis that two-phase Darcy's law is valid,
equations (1) and (14) can be combined to obtain

𝑓w = 1
1 + 1

M
knw
kw

. (15)
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Inserting (10) into (15), one obtains an analytical expression for fw, i.e.,

𝑓w = 1

1 + 𝛽∗
(1−S∗)2

S2
∗

(
1
M
+ 2𝛼S∗

1−S∗

) , (16)

where 𝛽∗ = 𝛽nw∕𝛽w is the ratio between the endpoint relative permeabilities of the nonwetting and wetting
phase, respectively. Similarly, the fractional flow of the nonwetting phase is given by

𝑓nw =
qnw

qw + qnw
= 1

1 + S2
∗

[
𝛽∗
(
1 − S∗

)2
(

1
M
+ 2𝛼S∗

1−S∗

)]−1 . (17)

In this form, the expression for the fractional flows incorporates the effects of pore-scale flow regimes, with
fw and fnw explicit functions of mobile saturation, viscosity ratio, endpoint relative permeabilities, and capil-
lary number through the flow regime parameter, i.e., fw(S∗,M, 𝛽∗,Ca) and fnw(S∗,M, 𝛽∗,Ca). Equations (16)
and (17) allow one to derive analytical expressions for the fractional flow and its derivatives, 𝜕f∕𝜕Sw, or
its dimensionless counterpart 𝜕f∕𝜕S∗, in lieu of their numerical approximations, when upscaled equations
are implemented in reservoir simulators. In Appendix A, the analytical expressions of the fractional flow
derivatives are reported for completeness.

3. Discussion
In this section, we validate the model for the relative permeability, equation (10), with data available from the
literature. First, we compare the model predictions with the pore-scale numerical simulations of Armstrong
et al. (2016) and, then, with experiments. We also validate the fractional flow predictions.

3.1. Validation With Numerical Simulations
We use the set of numerical results of Armstrong et al. (2016) to validate the proposed k∗ − S∗ model. In their
work, pore-scale simulations of immiscible fluids (water and decane) were carried out on a real pore space
geometry using a lattice Boltzmann method. Specifically, 3-D segmented images of a rock core were used
to reconstruct the pore space geometry as well as the location of the fluid-fluid interface, used as the initial
condition for the numerical simulations. Steady state simulations of fractional flow at a fixed saturation were
carried out by imposing periodic boundary conditions and an external driving force, and the topology of the
phases and the relative permeabilities were computed for a wide range of capillary number. The latter is a
critical information needed to determine the flow regime parameter as a function of the capillary number.
Based on the physical properties of water and decane, the viscosity ratio is of order one (M = 0.9) and,
following the classification proposed in section 2.2, this set of data belongs to Class III.

Figure 2 shows the comparison between the predictions of the proposed model, equation (10), and the mea-
sured relative permeability of the wetting (Figures 2a and 2c) and nonwetting (Figures 2b and 2d) phases in
linear (a and b) and semi–log (c and d) scales (log-log plots are provided in the insets); for this specific set of
data 𝛽w = 𝛽nw = 1 and S∗ = Sw, i.e., the model is fit free in the capillary limit when 𝛼 = 0 or has only 𝛼

as a fitting parameter at intermediate values of Ca. Figure 2a (or 2c) shows that the relative permeability of
the wetting phase, kw, scales with the square of saturation, i.e.,, the trend derived by the model is captured.
It is worth observing, though, that Figure 2a (or 2c) suggests that the relative permeability of the wetting
phase depends on Ca (or 𝛼). In the proposed model, the flow regime parameter does not appear in (10a) due
to the choice of the CAF as the viscous limiting case. A possibility to account for kw dependence on 𝛼 is the
choice of the plug flow closures (section 4.4 in Picchi & Battiato, 2018) as the viscous limit. However, this
choice would require the determination of an additional parameter, i.e., the film thickness, and, to the best
of our knowledge, a model which correlates the film thickness and the capillary number for ganglia flow in a
porous matrix has not been proposed yet. Figure 2b (or 2d) shows the predicted (lines) and measured (sym-
bols) relative permeability of the nonwetting phase. Specifically, the experimental points (solid triangles),
where the phases are assumed to be separated by a rigid partition, are here associated to the quasi-static CP
flow regime. In this regime, i.e., in the capillary limit, when 𝛼 = 0 in equation (10b), there is a good agree-
ment between data and model. It is worth emphasizing that this specific prediction is fit free. Solid circles in
Figure 2b (or 2d) refer to simulations at intermediate values of Ca, where, as the capillary number increases,
the nonwetting phase may either remain static or flow through the pore space in the form of ganglia. Also,
in this scenario, the model predictions at 𝛼 = const capture well the data trend. Furthermore, at a fixed sat-
uration, knw saturates to a maximal relative permeability at high Ca, that is well described by the predicted
viscous limit (equation (10b) with 𝛼 = 1).

PICCHI AND BATTIATO 7
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Figure 2. Validation of equation (8) against the pore-scale simulations of Armstrong et al. (2016): (a and c) relative permeability of the wetting phase in linear
and semi–log scale, respectively; (b and d) relative permeability of the nonwetting phase in linear and semi–log scale, respectively. Loglog plots are in the insets.
In all plots, solid lines represent the capillary (connected pathway) and viscous (viscous connected pathway) limits, while the dashed lines refer to intermediate
Ca regimes (i.e., coexistence of ganglia and connected pathway).

The previous comparison suggests that the CP and VCP limiting curves may be interpreted as the lower and
the upper bound of the relative permeability of the nonwetting phase, as summarized in the conceptualiza-
tion sketch of Figure 1. Specifically, the VCP limit is obtained in analogy with the CAF in a capillary tube
which represents the more efficient configuration in terms of transport of the nonwetting phase for viscos-
ity ratio M ≥ 0.4, as demonstrated by Picchi and Battiato (2018). This behavior is apparent also in realistic
porous media, where “high Ca flows lead to topological changes that support a more efficient transport at the
Darcy scale” (quote from Armstrong et al., 2016).

At intermediate Ca, predictions of knw require the determination of the flow regime parameter 𝛼. As shown
in Figure 3, a fixed value of 𝛼 fits well the relative permeabilities measured at a constant capillary number,
thus supporting the hypothesis that the flow regime parameter is controlled by the capillary number and
that the transition from the capillary to the viscous limits varies linearly with the percentage of the whole
core occupied by each flow regime, see section 2.2. Similar conclusions can be drawn from the data set of
Avraam and Payatakes (1995, 1999). Specifically, data fitting at constant Ca provides the following 𝛼 − Ca
correlation

𝛼 = 0.13 log(Ca) + 0.91, with 10−6 < Ca < 1, (18)
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Figure 3. Determination of the flow regime parameter 𝛼 as a function of the capillary number Ca: a fixed value of 𝛼 fits well relative permeabilities measured at
constant capillary numbers.

Figure 4. Flow regime parameter 𝛼 as a function of the capillary number of the wetting phase for the data set of
Armstrong et al. (2016) and Avraam and Payatakes (1995).
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Table 1
Parameters of Equation (10) and Classification of the Experimental Data Used in the Validation of the Model

Reference w − nw dra./imb. M Sir 1 − Sor 𝛼 𝛽w 𝛽nw R2
𝛼

R2
𝛽w

R2
𝛽nw

Class I
Chen and DiCarlo (2016) brine-CO2 dra. 0.08 0.50 1 — 0.73 0.57 — 0.93 0.90
Reynolds and Krevor (2015) brine-CO2 dra.a 0.05–0.12 0.25 0.65 — 0.09 0.35 — 0.84 0.95

brine-CO2 dra.b 0.04–0.07 0.30 0.90 — 0.55 0.21 — 0.91 0.94
Alizadeh and Piri (2014) oil-nitrogen dra. 0.01 0.21 1 — 1.00 0.53 — 0.98 0.92

oil-nitrogen imb. 0.01 0.21 0.59 — 0.12 0.67 — 0.98 0.95
water-nitrogen dra. 0.02 0.23 1 — 0.93 0.43 — 0.97 0.95
water-nitrogen imb. 0.02 0.23 0.62 — 0.13 0.56 — 0.97 0.97

Manceau et al. (2015) brine-CO2 dra. 0.08 0.50 0.73 — 0.01 0.08 — 0.82 0.91
brine-CO2 imb. 0.08 0.50 0.73 — 0.10 0.08 — 0.95 0.99

Perrin and Benson (2010) brine-CO2 dra. 0.08 0.44 0.87 — 0.49 0.48 — 0.92 0.92
Pini and Benson (2013) water-gCO2 dra. 0.03 0.40 0.90 — — 0.56 — — 0.96

water-scCO2 dra. 0.03 0.40 0.75 — — 0.71 — — 0.97
water-nitrogen dra. 0.04 0.40 0.75 — — 0.67 — — 0.70

Ruprecht et al. (2014) water-CO2 imb. 0.04 0.50 0.87 — 0.33 0.71 — 0.95 0.43
water-CO2 imb. 0.04 0.50 0.80 — 0.21 0.32 — 0.98 0.52
water-CO2 imb. 0.04 0.50 0.75 — 0.16 0.33 — 0.99 0.99
water-CO2 dra. 0.04 0.50 1 — 0.62 0.12 — 0.98 0.86

Class II
Armstrong et al. (2016) water-decane dra.c 0.90 0 1 0 1 1 — 0.96 0.96
Berg et al. (2016) brine-ndecane imb. 0.90 0.21 0.62 0 0.06 0.55 — 0.99 0.97

brine-ndecane imb.c 0.90 0.21 0.71 0 0.34 0.55 — 0.96 0.99
Gao et al. (2017) brine-decane dra.d 0.90 0.21 0.62 0 0.06 0.55 — 0.90 0.99
Class III
Armstrong et al. (2016) water-decane dra.c 0.90 0 1 0.2–0.9 1 1 0.99 0.96 0.99
Gao et al. (2017) brine-decane dra.d 0.90 0.21 0.62 0.16 0.06 0.55 0.93 0.76 0.93
Avraam and Payatakes (1995) water-nHexadecane imb. 3.35 0.30 0.66 0–0.75 0.10 0.30 0.90 — 0.90
Avraam and Payatakes (1995) water-nDodecane imb. 1.45 0.10 0.68 0–0.85 0.10 0.40 0.95 — 0.95
Avraam and Payatakes (1999) Formamide-nNonanol imb. 2.88 0.10 0.70 0–0.68 0.25 0.80 0.95 0.75 0.95
Avraam and Payatakes (1999) water-nDodecane imb. 1.56 0.10 0.60 0–0.88 0.16 0.20 0.80 — 0.80

Note. The coefficient of determination R2 for the three fitting parameters 𝛽w, 𝛽nw, and 𝛼 is also calculated.
aViscous limit. bCapillary limit. cNumerical experiments. dLow Ca data.

where Ca is the capillary number of the wetting phase, defined in equation (5). Although this relation (see
Figure 4) is specific to the set of data analyzed here, it suggests that the flow regime parameter 𝛼 is not a
purely fitting parameter, but it is connected to the pore-scale physics.

To sum up, we have validated the proposed model against numerical simulations, see Figure 2, and pro-
posed guidelines to correlate the flow regime parameter 𝛼 to the capillary number Ca. In the following, an
overall validation is presented where model predictions are compared against data collected in experiments
performed on 3-D rock samples at different capillary numbers and viscosity ratios.

3.2. Validation With Experimental Data
In this section we validate the scaling relationship against experimental data available in the literature.
The data were selected such that two-phase relative permeabilities measurements were available as well
as information on both the flow regimes and the capillary number: this knowledge is necessary to test the
predictions of the k∗ − S∗, equation (10). The overall set of data analyzed includes 410 experiments either
in the capillary or in the viscous regime and spans 2 orders of magnitude in viscosity ratio, with M in the
range M = 0.01÷ 3, as summarized in Table 1. The validation has been carried out following the procedure
described below.
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Figure 5. Comparison between the predicted and experimentally measured (Chen & DiCarlo, 2016) rescaled relative
permeability as a function of the mobilized saturation. The viscosity ratio of the system (brine-CO2) is M= 0.08, while
the capillary number is defined by equation (5), where the velocity scale is defined by the ratio of the volumetric flow
rate to the cross-section area of the core sample.

3.2.1. Data Analysis Procedure
This analysis aims at obtaining the rescaled relative permeability k∗

w and k∗
nw, defined by equation (8), in

terms of mobile saturation, S∗, defined by equation (9), for all the data sets listed in Table 1. The data are
processed as follows:

1. We identify whether the experimental data set belongs to Class I, Class II, or Class III depending on the
viscosity ratio.

2. We identify whether the experiments exhibit residual and irreducible saturations, Sir , and Sor .
3. We rescale the saturations of the wetting phase in terms of mobile saturation.
4. If the data set belongs to Class I and Class II, we fit the endpoint saturations 𝛽w and 𝛽nw; if the data set

belongs to Class III, we fit the endpoint relative permeabilities and we also look for the dependence of
the parameter 𝛼 with the capillary number.

All the details on the classification of the data set used are provided in Table 1, including references, values
of the fitting parameters, and the estimation of the error of the model obtained from our analysis.
3.2.2. Class I
As previously discussed, Class I is characterized by a small viscosity ratio (M ≪ 1), i.e., the nonwetting
phase is much less viscous than the wetting phase, 𝜇nw ≪ 𝜇w, such as in brine-CO2 and water-nitrogen sys-
tems, and the effects of the pore-scale flow regimes are negligible. As a result, the capillary and viscous limits
converge to the same curve. This behavior is confirmed by the data of Chen and DiCarlo (2016) reported in
Figure 5: although the relative permeabilities were measured at three different capillary numbers (spanning
three orders of magnitude), the data are not “stratified” with respect to the capillary number and instead
lay on the same universal curve, well described by the scaling relationship (11), i.e., the normalized relative
permeability scales with the square of the mobile saturation.

Furthermore, we tested the scaling (11) against other sets of experimental data both at imbibition and
drainage conditions (Alizadeh & Piri, 2014; Manceau et al., 2015; Perrin & Benson, 2010; Pini & Benson,
2013; Ruprecht et al., 2014; Reynolds & Krevor, 2015), and the overall comparison is shown in Figure 6;
Table 1 contains the full set of model parameters as well as the coefficient of determination for the fitted
parameters. The data collapse around the scaling (11) for the whole range of saturations both in linear and
logarithmic scales. This suggests that equation (11) captures the trend displayed by the data for systems
belonging to Class I: some of the variability is indeed expected due to the semiempirical nature of the model
and the intrinsic nature of multiphase flow experiments (see Ling et al., 2017). The trend is captured also
when the effect of rock heterogeneity is taken into account: in the experiments of Reynolds and Krevor
(2015) for the same test fluids, the heterogeneity in the rock sample affects the residual and irreducible sat-
uration and endpoint relative permeability, but does not change the overall scaling behavior of the k∗ − S∗
relationships.
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Figure 6. Class I data comparison: Comparison between the predicted scaling of the normalized relative permeability
of the wetting (a and c) and nonwetting (b and d) phases in terms of the mobile saturation and Class I experimental
measurements from real core samples available in the literature. (a) and (b) plots are in linear scale, while (c) and (d)
plots are in semi–log scale. Log-log plots are available in the insets.

3.2.3. Class II
Flow systems in Class II are characterized by a viscosity ratio of order 1 and flow conditions in the cap-
illary regime. Figure 7 shows that the normalized relative permeabilities follow the trend predicted by
equation (12) for the experimental data of Armstrong et al. (2016), Berg et al. (2016), and Gao et al. (2017).
Concerning the data of Gao et al. (2017), we refer to the experiments performed at the lowest capillary num-
ber where no intermittency of the nonwetting phase has been observed. It is worth emphasizing that, despite
the scaling of Class II systems is the same as that of Class I, in the former the dominant flow regime is the
quasi-static CP flow, see Figure 1a; this behavior is accounted for by setting 𝛼 = 0.
3.2.4. Class III
Relative permeabilities in different flow regimes have been measured in a few studies only. Among them,
we compare our model with the data by Avraam and Payatakes (1995, 1999). In these studies, experiments
were conducted at steady state flow conditions: at intermediate Ca, the authors observe the coexistence of
ganglion flow dynamics and CP flow, while, at higher Ca, the flow is dominated by VCPs. Furthermore,
the experimental observation that a lubricating thin layer of wetting phase wets the pore walls supports
the model CAF analogy, at least for relatively simple systems as those considered by Avraam and Payatakes
(1995, 1999), see Figure 1c. The overall validation of k∗

nw is presented in Figures 8a–8d, where, in addition to
the endpoint relative permeabilities, the flow regime parameter 𝛼 was used as a fitting parameter to model
all experimental points at a constant capillary number. The model predictions given by equation (10b) can
capture the experimental data trend as well as the change in steepness of the k∗ − S∗ curves between low
and high Ca.
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Figure 7. Class II data comparison: comparison between the predicted scaling of the normalized relative permeability
of the wetting (a and c) and nonwetting (b and d) phase in terms of the mobile saturation and Class II experimental
measurements from real core samples available in the literature. (a) and (b) plots are in linear scale, while (c) and (d)
plots are in semi–log scale. Log-log plots are available in the insets.

For this set of data, the flow regime parameter is plotted as a function of the capillary number in Figure 4:

𝛼 = 0.52 log(Ca) + 3.5 with 10−6.7 < Ca < 10−5. (19)

The difference between (18) and (19) may be due to a number of factors: (i) the relation between the flow
regime parameter and the capillary number is strongly influenced by the type of core sample used and (ii)
the capillary number has been defined and computed differently by Avraam & Payatakes (1995, 1999) and
Armstrong et al. (2016). As a result, we are not able to verify whether the 𝛼 − Ca data may or may not
exhibit a universality behavior, although Figure 4 does suggest the existence of a more general relation, since
𝛼 depends linearly to the logarithm of Ca in both the cases shown. Yet, the possibility of finding a general
scaling for the flow regime parameter remains an open question.

Figure 8e shows that the relative permeability of the wetting phase scales with the square of the mobile
saturation, even though the data present more variability compared to the cases of Class I and Class II.
Finally, in Figure 8f we show a comparison with the data collected by Gao et al. (2017), where data points
at higher Ca start to the deviate from the quasi-static CP flow curve, and the trends are well captured by the
model.

3.3. Fractional Flow
In this section we compare the analytical expressions derived for the fractional flow curves, equations (16)
and (17), with experimental measurements.
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Figure 8. Class III data comparison: comparison between the predicted scaling of the normalized relative permeability
in terms of the mobile saturation and Class III experimental measurements from real core samples available in the
literature. (a) Avraam and Payatakes (1999), M = 2.88; (b) Avraam and Payatakes (1995), M = 3.35; (c) Avraam and
Payatakes (1999), M = 1.56; (d) Avraam and Payatakes (1995), M = 1.45; (e) wetting phase; (f) Gao et al. (2017),
M = 0.9.
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Figure 9. Sensitivity of the fractional flow curve of the wetting phase with respect to the governing parameters: (a) the
flow regime parameter 𝛼 at M = 1, 𝛽∗ = 1; (b) the ratio of the endpoints relative permeability 𝛽∗ = 𝛽nw∕𝛽w at M = 1;
and (c and d) the viscosity ratio M at 𝛽∗ = 1. Dashed curves and solid lines represent 𝛼 = 0 and 𝛼 = 1, respectively.

In Figure 9a we show the sensitivity of the fractional flow of the wetting phase to the flow regime parameter
for the case of isoviscous fluids: in the capillary regime (𝛼 = 0), fw has a typical s-shape, while the curve
becomes increasingly concave as 𝛼 → 1, that is, moving to the viscous regime (𝛼 = 1). As shown in section
3, the flow regime parameter can be expressed as a function of the capillary number, and therefore, the frac-
tional flow computed at a fixed value of the flow regime parameter describes systems at a constant capillary
number. Figure 9b shows the effect of 𝛽∗ on the fractional flow: the dashed lines represent the capillary
limit, the solid lines the viscous limit, while the solid-colored region identifies the transition for 𝛼 between
0 and 1. Specifically, for 𝛽∗ < 1, the fractional flow shrinks to a s-shape curve, while, for 𝛽∗ > 1, the slope
changes and the transition region (the colored region) gets wider. Figures 9c and 9d show the effect of the
viscosity ratio: for M → 0, fw → 0 and the capillary and viscous regime curves coincide, while, for M > 1,
the transition region becomes much wider.

Once the normalized relative permeabilities are obtained as described in section 3.2, fractional flow predic-
tions are a free outcome of the model and do not require any additional fitting parameter. In Figure 10a we
show the comparison with the data from Reynolds and Krevor (2015): not only the analytical profile matches
the data well, but the s-shape trend typical of Class I data is well reproduced. Furthermore, the predicted
trends of the derivative of fnw relative to the mobile saturation are shown in Figure 10b for the three cases
presented (each curve corresponds to different viscosity ratios and 𝛽∗, see Table 1).

Finally, in Figure 10c we report a comparison against the data by Avraam and Payatakes (1999). Despite the
agreement is not as satisfactory as previous comparisons, the overall trends are captured with the experi-
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Figure 10. Comparison between the predicted fractional flow curve in terms of the mobile saturation with
experimental data of (a) Reynolds and Krevor (2015), Class I, nonwetting phase and (c) Avraam and Payatakes (1999),
Class III, M = 2.88, wetting phase. The derivatives of the fractional flow curves are also presented in (b) and (d),
respectively.

mental points laying in the region within the capillary and viscous limits. This may be due to the additional
complexity of the phase topology for systems belonging to Class III.

4. Conclusions
In this work, we proposed a semiempirical model for relative permeabilities that accounts for pore-scale
flow regimes and it includes both the capillary and viscous limits. The model well captures the scaling
structure of the relative permeability: the rescaled relative permeability of the wetting phase depends only
on the mobile saturation, while the relative permeability of the nonwetting phase is a function of the mobile
saturation, the viscosity ratio, and the capillary number. The model contains three fitting parameters, i.e.,
the two endpoint relative permeabilities and the flow regime parameter, although when the viscosity ratio
is sufficiently small, the fitting parameters reduce to two, since the effect of the flow regime parameter—or
the capillary number—becomes negligible. The major conclusions of this study are summarized below:

1. We identify three classes of systems depending on the viscosity ratio. Systems with a small viscosity ratio
(i.e., the wetting phase is much more viscous than the nonwetting phase) belong to Class I: in this regime,
both relative permeabilities scale as the square of the fluid saturation. Systems with a viscosity ratio of
order 1 in the capillary regime (i.e., low capillary number) belong to Class II: similarly to the previous
case, both relative permeabilities scale as the square of the fluid saturation. Systems with a viscosity ratio
of order 1 and where pore-scale flow regimes are observed at intermediate capillary number belong to
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Class III: in this case, the relative permeability of the nonwetting phase is a function also of the viscosity
ratio and the capillary number through the flow regime parameter.

2. The proposed model is able to capture the trend of the relative permeability measurements in complex
3-D porous rocks for all three classes.

3. We derived an analytical expression for the fractional flow, and we validated it against experimental mea-
surements. The slope of the fractional curve changes with the capillary number for Class III systems,
while approaching the viscous regime (i.e., high capillary number).

Notwithstanding research effort is still needed to address many open questions, for example, the develop-
ments of a model to systematically predict the endpoint relative permeability and residual and irreducible
saturations, we believe that the proposed model is a promising starting point to correlate pore-scale flow
regimes and effective parameters at the continuum scale.

Appendix A: Fractional Flow Derivatives
In this appendix we provide the analytical expression of the partial derivative of the fractional flow of the
wetting and the nonwetting phase relative to the mobile saturation:

𝜕𝑓w

𝜕S∗
= −

𝜕𝑓nw

𝜕S∗
= −

2𝛽∗MS∗
(

MS∗𝛼S∗ − 2M𝛼S∗ + S∗ − 1
)

(
−2MS∗𝛽

∗𝛼S∗ + MS2
∗ + 2M𝛽∗𝛼S∗ + S2

∗𝛽
∗ − 2S∗𝛽

∗ + 𝛽∗
)2 . (A1a)

The derivative with respect to the saturation of the wetting phase is easily recovered from

𝜕𝑓w

𝜕Sw
=

𝜕𝑓w

𝜕S∗

1
1 − Sir − Sor

. (A2)
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